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- Introduction



Entanglement entropy

1
> Definition of EE

H="MHa®MHp o

PA — Irp [Ptot]

Sa = —Tr|palogpal

» EE In local field theories

S 4 oc 1941 |0 A|: area of boundary
e : UV cutoff
d : dimension of space



Quantum entanglement and geometry

_ ]

Ryu-Takayanagi formula ('06)

A ( ) CFTV
realya minimal
Sq = B A
A 4GN i s‘u/rface v
AdSg42
cf.) Hung’s talk %_ 0 z:;
Chen’s talk

15t law of thermodynamics — Einstein eq.



Noncommutative plane

S
» noncommuative plane

(1, Zo| = 10 0 :real
simplest example of noncommutative space
» conjugate momenta

_1A

ﬁl — g_l:f:QJ ﬁ? — _9 L1 [ii}ﬁj] — 36‘1_} (3}.7 — 1}2)
coordinates and momenta are not independent

» coherent state
a=i1+its  al =g —id, w) [a,a7] =20

1212 2

2) = e a7 e39%"|0) =) alz) = z|z)




Berezin symbol
S

» Berezin symbol Cf.) Iso-Kawai-Kitazawa ('00)
falz2*) = f4(x) = (z|Al2)

» derivative
f[ﬁi,/i] () = =10, f4(7)

» product

filx)* fg(z) = fig()

= ¢~ % (219027922000) £ 4 (2) £ (y) |y
= fa(@)fp(x) - ?(amm(x)amfg (%) = 00, F4(2) s (7)) +

Moyal product
tr(A) = /Qﬁng( ) non-local

> trace



Field theory on noncommutative plane

e
> a matrix model with infinite matrix size

S = 27wltr (——[p@, P)° + —gb + qb )
» correspondence between matrix and field

d(x) = f5(z) = (2]0]2) Z =21+ 122
» scalar field theory on noncommutative plane
S = [ (50u0) + 602 + 30(0) # 6(a)  6(0) # ()

effect of noncommutavity appears only
In interaction term



UV/IR mixing

Minwalla-Raamsdonk-Seiberg ('99)
1

Ex.) 1-loop correction to propagator

planar @ non-plana /\ p

N

—92)\ d2q 1 U d2q 6—739(391(;2—392(11)
( =/

2m)? q* + m? 2m)2 % +m2
i A m 1
A : UV cutoff \/ 9 L
o v + log 5 02p? + A2

6 =0 A — oo m=slogarithmic div. ~ ordinary field theory

040 A— oco= log( V0% ) p— 0 IR div.
r~1/p~6A UV/IR mixing



Motivation




What we will study

» calculate EE in scalar field theory on the
fuzzy sphere using a different method from

the method in the previous work Karczmarek-Sabella-Garnier ('13)
Sabella-Garnier ('14)

=) applicable to free theory at zero temperature
no restriction for our method

» study interacting theory in which non-commutativity
should contribute ‘volume law’ ?

Cf.) EE in a non-local theory
Shiba-Takayanagi ('13)

» finite temperature effect ?
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Scalar field theory




Scalar field theory on S* X S°

R2 B 1 “2 2\
S a2 - L)+ gy Dy
c=1r |, 4 [ a0 (58 - s €y + 5o+ 16')

?: Z =1,2, 3 angular momentum operators



Scalar field theory on the fuzzy sphere

1
matrix quantum mechanics
Rz [P 1 A
Snc = dt tr | =®? — —[L;, ®)? <I>2 ~ ot
Ne = 23+1/0 r( Y ki T )

®(t): (24 +1) x (24 + 1) Hermitian matrix
can be put on

a computer

[Li,Lj] — ieijkLk J

l ] — oC 7 UV cutoff

p A
/ /dﬂ( ¢° — 2RQ( @¢)2+7¢2+Z¢4)

only at tree level

L?: . generators of spin j rep. of SU(2)



Bloch coherent state  caeasetaios)

L; :generators of spin j rep. of SU(2)

Ly =1L{+%1Ly
Li|jm) = /(5 Fm)(j £m +1)|jm £ 1)

Ls|jm) = m|jm)

Q= (0, )
|Q> _ eia?(sin goLl—costLz)Uj)

Ls|jj) = jli7) = it - L|Q) = j|Q)



Properties of Bloch coherent state
_

> D _(AL)? is minimum
» completeness

27+ 1
34‘; /dQ|Q (Q| = Z lgm)(jm| =1 Q1)
J=mm | Q22)

» inner product g §/_)
B X 27 n 2
(©1]Q)] = (cos 3 )
_ 2 X\% 1\¥ ~ o1
X Vi ‘ (cosg) R (1_2_3') R e

width of wave packet ~ 1/V/J




Berezin symbol

_
» Berezin symbol

fa(Q) = (Q]A]|Q)
m) fir,,4(Q) =L fa()

» star product

fa() * f5(2) = fap() |
= 1 [ @) o) = B [ i@ fs(@)
] — OC
» stereographic projection 0 ~ R?/(29)

6 . 10 8
2= Rtan_c® m fax fp(0,0)~ e 5235 f4(2, 2) f5(w, )] s—w—o



Matrix vs Field

S
» correspondence between matrix and field

O(t, Q) = fou) = (QP(1)[2)

S s /ﬁdttr c1>2—i[L ®)? + <I>2+§<1>4
N 9i+1 )/, 2R2 Y 4

I]—)OC
_R2 g ]‘.2 2 2 4
i [ [aa (56 - geior + o 4|30

m=) UV/IR anomaly
Chu-Madore-Steinacker ('01)




- Calculation of EE



Division of the fuzzy sphere and matrix

_ ]
/ \
9 B B
\ %/
u
ZL‘:l—COSQ:; oc volume of A
J

fa(Q2) = Z (Q]jm) <jm|(1)|jmf> <jmf|Q> Karczmarek-Sabella-Garnier ('13)

m,m’ 9 2j+m—|—m’ 9 2j—m—m’ | |
<Q|Jm> <.7m"|Q> ~ (COS 5) (SiI] 5) el(m—m )



Replica Method

S
» Boundary condition for replicas

Z B s Region A (PI(B) - ¢I+1(0)
: Region B (I)I(B) — (I)I(O)
ﬂ[ — I=1,--.n
! Z(z,n)

‘ Trpy = 7

» Replica method
A
S = ~Topalogpn = - iy 2 g = - iy Ot (250

n—1 On n—1 0n YAL



Our method of calculation
e

» quantity we calculate r=1—cosf
Sa(x) [ . &, (Zxm)\] . 8 8
dr Oz [ A B ln( zn )| =i 5 Tl
_)i o1 w5 Flz+e,n=2]—-Flz,n=2]
am(F[mrn_ZI F[m’n_l])_j]i,ngo e
(e —» 0) 1

Sa=05p mm) S,(x)=5,2—1)

e )=~

954 1 _ 054y _




Our method of calculation (cont’d)

e
> discretization of time direction

4 o
® [ )

[
-/a lattice spacing

» freetheory )\ =0
Snc = Z (I):;q,lmg (n)Tnmlmz,lmamﬂ)msmzx(l)

n1l1m11m21m31m4

1
mm) Flr,a=2= ilogdetT + const.

we calculate detT directly numerically



Our method of calculation (cont’d)
_

» Interacting theory

1 MC simulation
F[$+€:n=2]—F[$:ﬂ=2]=/ d7‘<8m+s_8m>7 ﬁ
0

1 Interpolating action
Simpson Siny = (1= 7)5a1c + 75
formula O=v=1)

Y 0.1 step



for free theory




Continuum limit in the time

_ direction at finite temeerature
\ |

=0
0.25 o N=16, 3=1.0, a=0.125
N =16 A N=16, B=10, a=6.250x 102
o @ g O N=16, 3=1.0, a=4.167 x 1072
ﬁ = 1.0 e o O N=16, 3=1.0, a=3.125 x 1072
. — ez +d, ¢c=—0.1672(26), d = 0.2623(32)
N — 2] —+ 1 0.15
NIES
38
‘_‘lcc\‘]" 0.1  EEEEEEEEEEEEEEEEEEEEEEEEEE B
0.05 E
of .
-0.05 | .
| | |
0 0.5 1 1.5 2
0Sa 0Sa L

W(:.c) — —g(Z — =) 4am the value at = = 1.0 is subtracted



Continuum limit in the time

95,
ox

0.2

-0.15

054

Y

_ direction at low temgerature
A | T 1 . .

o N =16, 8=30,
A N =16, 8=30,
v N =16, 8=30,
BN O N =16, 8=3.0,
T 0N =16, 8 =40,

o TN\g —cz+d, c=-01612(29), d=0.1629(33)

a=0.125

a = 6.250 x 1072
a=4.167 x 1072
a=3.125x 1072
a=4.167 x 1072

| 1
0.2 0.4

(2 - )




Finite temperature effect
N

02 I | 1 I I
A=0 >N =16, =30, a=0.125
025 [ n N=Ne= 16,- B 1,0, @550:129) 2
v Na=Ne= B6- B6= L0s 4.6:250%x21072
I g O NO=N6= 365 86 L0 2 2#:160%210~2
BEF O o O NO-Né= 36~ 86 k0; 4163:129%10~2
— cE—at, +di- e 8. HLPETD(26)] 4 & D2B23132)
8:48 F
=t
g8
~ e 03
888 F
09 F .
&
_©
-gqg ; 82 — 86 Ol.u . 2 —— & & \\@‘ -2
0 0.5 :ﬂ 15 2
i

slope is independent of g
finite temperature effect is proportional to £ (volume)



Continuum limit on the fuzzy

_ sehere at finite temeerature

A=10

5]

B=1.0

a=4.167x 1072 *

3_

_3_

4

5_

r

not divided by 2j, |

OU 4 AN=16, §=1.0, a=4.167 x 1072
= ON=24 B8=10, a=4.167x10"2 |
© %0 o ON=32 8=10, a=4.167x 102 |
o |
Fay N 0}
Fay
0 OI.E UI.4

subract this value from the data



N dependence

015 1 1 1 I I I I 1 1

A=0 B AN=16, B=10, a=4.167 x 102
8=1.0 o L2 &%@g ON=24, 3=1.0, a=4167x10"2 _
o — 4167 x 10-2 ‘3% ON=32, 8=1.0, a=4.167x 10~
0.05 %%
S,
pTS
o
2ag]
Y
01 | %) .
divided by 2 o,
-0.15 | C
02 0 0.2 0.4 UI.E C'I.B- I1 1I.2 '|I.4 '|I.6 '|I.B 2

r

finite temperature effect is proportional to U and independent of [V
Sa is proportional to N in the low temperature limit (8 — o00)



EE In free theory

» at zero temperature (8 — oc limit) N=25+1

1 0Sa . . 9
% Or c(1—x) ‘ S4 x N(2z — z?) = Nsin“ 6

27w = 2m(1 — cos 6) oc (area of bndry b/w A & B)"2

\

27 sin @ differs from naive
9 ‘area law’ oc sin ¢

» finite temperature effect
oz ¢ mmm) S,=gz oc (volume of A)



for Interacting theory



Interacting case 1
- J

A — 3 0.04 ~
O N=16, =10, a=3.125x10"2 A=3
N =16 oo ¢ ;
a=3.125x10"2 .| ; b
5 =1.0 s ¢
EE i %

-0.01 | % (Il/ %-

-0.02 | (lf %

-0.03 . . ' ' ' ' (IE ! (:W[b

different behavior from A = 0 85 4 85 4

finite temperature effect o< (volume of A) 5 &) =5 (2-1)



Interacting case 2
S

0.015

)\ — 12 ‘% (% ‘% O N=16, 8=1.0,a=3125x 1072, A =12
N = 16 e ' +
a=3.125 x 102 oaes | ¢
/6 — 10 q‘ “ ot %
E|§-ﬂ.005 @
?
-0.01 | C% %’
0.015 | % 4} %
different behavior from )\ = ( 9S4 95
finite temperature effect o< (volume of A) 3_3,(‘”) - _37(2 ~ )



Comparison with different lamdbd
S

0.15

N — ].6 A A N=16, =10, a=3.125x10"%, A =0
9 N O N=16, §=1.0,a=3125x10"2%, A =3
a=3.125 x 10~ 01 N 0ON=16 =10, a=3.125x 102, A = 17
3=1.0 ’
0.05 | Al
) FAY
@ @
E‘é‘c% 0 " i § 8 = @ &
-l ® 9 g = = = 3
il ® ® &
-0.05 | =
N
iy
0.1 | A
s
VAN
-0.15 . . :
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

X

magnitude for \ £ (O is quite small compared to that for A = 0



- Conclusion and discussion



Conclusion
I e,,—,—,S—,—,—,—

> i+ ¢ ¢ t Karczmarek-Sabella-Garnier ('13)
ree theory at Zero temperature  gapeja-carnier (14)

EE o< N (area of bndry b/w A & B)"2

» Interacting theory at zero temperature

EE behaves differently from free theory
magnitude of EE is quite small due to non-locality
and/or strong coupling

> finite temperature effect

EE oc (volume of A)
iIndependent of N (in free theory)



Reason for EE oc(area)”2 In free theory
_

leading term in EE is dependent on UV cutoff (proportional to

m=) we have to go back to the regularized theory (matrix QM)

R [P 1. 1 112
= dt tr [ =®? — —[L;, ®]* + =@~ —
e 2j—|—1/o r(2 TL ) (A=0)

L; are tri-diagonal mm) Snyc is local w.r.t. matrix elements

N=2+1
4 i

-— ——

b (m|@(t)[7m’)
e

—, o< (area of bndry b/w A & B)"2

% B




Fitting for interacting case

‘greliminarm
]

‘volume law’

6
Sa x / sin? 6'd6’
0—06g

1854
2j 09

0.015

0.01 |-

0.005

-0.005 |-

-0.01 |

-0.015

ON=16, =10, a=3.125x 1072, A =12

P b(sin? 0 — sin(6 — b))

ﬂL b = 2.5090 x 10~2(605)
% By = 0.4377(993)

1
0.5




Outlook
I e

» behavior of EE in interacting theory
~ simulation at larger N

» mutual information ~ independent of cutoff

MI behaves in the same manner as in local field
theory in the case of free theory at zero temperature
In interacting theory? Sabella-Garnier ('14)

» planar limit in which non-commutative
effect should not contribute

» gravity dual of susy gauge theory on the fuzzy sphere
no UV/IR anomaly? Lin-Maldacena ('05)
Cf.) Holographic EE for NCGT in R*

Karczmarek-Rabideau ('13)
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